Abstract :Following Dahl's method an exact Runge-Lenz vector M with two components M 1 and M 2 is obtained as a constant of motion for a two particle system with charges e 1 and e 2 whose electromagnetic interaction is based on Chern-Simons electrodynamics.
Thus there exists an internal symmetry associated with the non-relativistic Kepler problem with the invariance group being isomorphic to the 4-dimensional rotation group O 4 .
Until recently,the presence of this internal symmetry had not been tied to a generally accepted invariance principle. In other words,the phenomenological derivation implied in eq.
(1) begs the question of whether the Runge-Lenz vector has a deeper physical origin.
Specifically, the question is if there is a space-time transformation,the invariance of the Lagrangian for the Kepler problem under which directly leads to the conservation of A.
An affirmative answer to this question was recently obtained by Dahl 2 by regarding the Kepler problem as the zero-order description of a relativistic two-body problem;or,as emphasized by Dahl 2 , it is absolutely necessary to investigate the relativistic two-body problem in order to discover the connection between the dynamical symmetry of the nonrelativistic Kepler problem and special relativity.
Of special relevance to this paper is the fact 3 that for the Kepler problem the angular momentum vector L = r x p is conserved so that r . L = 0. Thus r always lies in a plane 4 whose normal is parallel to L. Since the motion of the particle is planar because of symmetry considerations it is appropriate to ask: Suppose the motion of the particle It is easy to obtain (3) starting with the electromagnetic potentials A µ (x,t) ,µ = 0,1,2 for
Chern-Simons electrodynamics in the radiation gauge with ∇ = . A 0 ,namely,
( ) Under an infinitesmal Lorentz transformation given by δx
,it is simple to check that the change in the Lagrangian L which is defined by
. The constant of motion is now obtained by using the equations of motion for m 1 and m 2 to rewrite the first equality in (5) as
From the second equality in (5) and (6) 
With the canonical momenta defined by
it is easy to obtain from (3) 
the total momentum P being defined as P = p 1 + p 2 .Eq. (8) is the counterpart of eq.
(20) in Ref. (2);also while the latter is derived from the Darwin Lagrangian 8 for the electromagnetic N-body problem and is correct in the 1/c 2 approximation , eq. (8) above is exact. Note that K depends explicitly on time except in the centre-of -momentum system which is the Lorentz frame where P = 0. 
and in the P = 0 frame they work out to 
with S 1 = p 1 -g and S 2 = p 2 + g . On calculating the partial derivatives required in eq.
(13) it is easy to get
From the Hamiltonian (9b),the equations of motion are: 
where R 0 is a constant. Eq. (20) is the counterpart of eq. (43) (26) contains the product e 1 e 2 as a central charge.
